A study of a planar electric double layer (EDL) in the presence of mixtures of electrolyte is presented. In particular, results from the Hyper-Netted-Chain/Mean-Spherical-Approximation (HNC/MSA) theory are compared with Monte Carlo (MC) simulations. In this way, the charge inversion induced by mixtures of multivalent and monovalent counterions is probed. Since overcharging phenomena in nature emerge under such conditions, the role of ion-ion correlations in the EDL appears as a crucial point in this kind of study. Unlike previous related works, a realistic hydrated ion size is used in the HNC/MSA calculations and simulations. In this way, a qualitative agreement between the results obtained from the theory and MC simulations is found. However, some discrepancies arise when the charge inversion is expected to be more noticeable, namely at high surface charges and/or elevated concentrations of multivalent electrolytes. Such differences are explained in terms of an overestimation of the charge inversion by the integral equation (IE) formalism.
I. Introduction
In the last several years there has been a resurgent interest in the study of the EDL. Since colloidal dispersions are often electrostatically stabilized, the structure of the electrolyte near a charged surface has practical relevance in many areas of technology and also in biological systems. Although the classical Gouy-Chapman (GC) theory of EDL is satisfactorily applied to systems where the concentration of (mostly monovalent) electrolyte and the surface charge are low enough, this model fails under certain conditions. For instance, errors in the GC theory are noticeable for multivalent electrolytes, for elevated monovalent salt concentrations, for ions with a large diameter, for high surface charges, and for solvents with a lower dielectric coefficient. These errors have been previously corroborated by comparing the classical theory with a large variety of simulations and sophisticated models such as the modified PoissonBoltzmann (MPB) theory, the density functional theory (DFT), and those models based on integral equations (IE) theories. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] Moreover, computer simulation appears as a powerful tool to test the validity of the theoretical formalisms cited above. However, the largest ionic diameters used in these works have always been 0.425 nm. This value is considerably smaller than the hydrated ion size found in the scientific literature (even for monovalent ions). [11] [12] [13] Here, one can find diameters of many ions of diverse valences obtained from X-ray and neutron diffraction studies on solids and from gas solubility, viscosity, and self-diffusion on liquids as well as from thermodynamics studies of ion solvation. Apart from that, the consideration of hydrated ions (instead of the bare ones) is well established in the double layer theory. For instance, the Outer Helmholtz Plane is located just at a distance equal to the hydrated ion radius from the macroparticle surface. 14 The relevance of the realistic hydrated ion size has already been studied by MC simulations in a preceding survey. 15 According to this work, the HNC/MSA overestimates the charge reversal effects when the ion diameter is larger than 0.425 nm.
Furthermore, despite the spectacular increase in the number of studies dealing with EDLs performed since the early 80s, the presence of mixtures of electrolytes has been scarcely addressed. [16] [17] [18] [19] [20] [21] However, phenomena such as the DNA condensation are induced by the addition of multivalent electrolytes to a solution at physiological conditions (0.1 M of NaCl). 22 Therefore, a study of EDLs in solutions comprised of counterions with dissimilar valences and realistic sizes appears as an important issue toward the better understanding of this type of phenomena. In this sense, to our knowledge, an explicit comparison between results from IE theories and simulations for electrolyte mixtures has not been reported so far. In particular, we will focus on mixtures of 3:1 and 1:1 salts since charge inversion takes place clearly in the presence of trivalent or highly charged counterions.
II. HNC/MSA Equations for a Multicomponent System
In this work, we have used a representation of the EDL based on the primitive model. Accordingly, small ions are treated as charged hard spheres immersed in a dielectric continuum. The Ornstein-Zernike (OZ) formalism (applied to isotropic system) can be the starting point in the description of such EDL:
where h ik (r) is the total correlation function of species i and k (by definition, h ik (r) ≡ g ik (r) -1, where g ik (r) is the radial distribution function), F j is the density of species j, and c ik (r) are the so-called direct correlation functions (also for species i and k). As we are interested in the case of a mixture of two electrolytes (3:1 and 1:1), there will be four different types of ions. The indexes i, j, and k run from 0 to 4, where 0 refers to colloidal particles (macroions), 1 and 3 refer to counterions of the electrolytes 3:1 and 1:1, respectively, and finally indexes 2 and 4 will be used for the co-ions associated with the salts 3:1 and 1:1, respectively. If we restrict ourselves to the case of highly dilute suspensions (F 0 f0), the OZ equation for ionparticle correlations can be written as:
The next steps can be summarized as follows. First, the particleion direct correlation function (c i0 (r)) is expressed in terms of h i0 (r) with the help of the HNC equation whereas the ion-ion direct correlation functions are treated with the MSA. After performing certain algebraic manipulations, angular integrations, and the reduction to the case of a planar surface (see refs 23-25 for further details), the HNC/MSA equations for this multicomponent system (in the presence of a planar charge surface) turn out to be:
Boltzmann's constant and T is the absolute temperature), Z i is the valence of species i, e is the elementary charge, ψ(r) is the electrostatic potential, and C ij 0 (|x -y|) are integrals depending on the direct correlation functions of the bulk species (calculated from ref 24).
III. Monte Carlo Simulations
In this section we present the details of the MC simulation performed for the description of the planar EDL based on a primitive model of electrolyte. The plane wall is assumed to be smooth and uniformly charged. The calculations have been carried out by using the Metropolis algorithm applied to a canonical ensemble for a collection of N ions confined in a rectangular prism (or cell) of dimensions W × W × L. The impenetrable charged wall is located at z ) 0 whereas at z ) L another impenetrable wall without charge is placed. Accordingly, periodic boundary conditions were used in the lateral directions (x and y). The cell contains the ionic mixture corresponding to the bulk electrolyte solution together with an excess of counterions neutralizing the surface charge. The interaction energy between mobile ions is given by where d is the hydrated ion diameter, r 0 are the relative permittivity of the dielectric continuum and the vacuum, respectively, r b ij is the relative position vector, and r ij ) |r b ij | is the distance between ions i and j, whereas the interaction energy of ion i with the charged wall is where z i is the z-coordinate of particle i, and σ 0 is the surface charge density of the charged wall.
The number of ions in each simulation was fixed, checking that the cell size was always large enough. Likewise, the systems were always thermalized before collecting data for averaging and the acceptance ratio was kept between 0.4 and 0.6.
Due to the long range of the electrostatic interactions, the energy must be evaluated very carefully. In these simulations, we have applied the so-called external potential method (EPM), in which each mobile ion is allowed to interact with the others in the MC cell according to the usual minimum image convention. [1] [2] [3] 26 The remaining part (all charges outside the cell) is considered in the evaluation energy through an external potential, ψ ext (z). This function is calculated assuming that the ionic distribution profiles outside the cell are identical with those inside. Thus the external potential must be updated during the simulation by using the current ion profiles and is given by where F(z′) is the charge density at z′ (both outside and inside the cell). The integration over x′ and y′ can be performed analytically, whereas the integration over z′ must be carried out numerically since the function F(z′) is tabulated. This is equivalent to considering the electrostatic potential generated by a set of infinite sheets of thickness dz′ and surface charge density F(z′) dz′ from which the central square "hole" (of dimensions W × W) is removed. The electrostatic potential of an entire infinite sheet can be calculated as in eq 5, whereas the electrostatic potential of the square hole removed from its center, which must be subtracted, can be calculated by using the integral appearing in eq 16 of ref 26. In a previous work, 15 the energy was also calculated by following an alternative method to the EPM, originally developed by Lekner for systems with 2D symmetries, that has recently been improved by Sperb. 27, 28 However, no significant differences were found in comparing with the EPM.
Having computed the local ion concentrations, the diffuse potential can be calculated from where a ) d/2 is the hydrated ion radius and F j (z) is the local density of j-ions at a distance z from the charged surface (j ) 1, 2, 3 for trivalent counterions, monovalent counterions, and co-ions, respectively). The integral appearing in eq 7 should be evaluated over an infinite interval, but this is not feasible in practice because computer simulations are always carried out in a box with a finite length (L). To take this aspect into account, it is usual to choose a cutoff distance (L c ) admitting that, theoretically, the contribution to such an integral is negligible
This is the condition of local electroneutrality, which can always be fulfilled far enough from the charged surface (in the solution bulk). Due to the term (a -z), however, the fluctuations of ∑ j)1,2 Z j F j (z) (computed from simulations) could be considerably amplified, contributing
appreciably to the integral of eq 7. To avoid this undesirable contribution L c must not be too large. In our runs, we took L c ) 0.5L, and chose values for L trying to guarantee the electroneutrality condition at 0.5L. The diffuse potential and its statistical error were computed by collecting many averages of ψ d (according to eq 7) during the runs.
IV. Results and Discussion
As mentioned before, the main objective of this work is a comparison of simulation data and those obtained from the IE theories in the study of planar EDLs with mixtures of tri-and monovalent counterions (the corresponding salt concentrations are C 3:1 and C 1:1 , respectively). To this end, the present section is organized as follows: First, the theoretical distribution curves of ions are compared with those obtained via simulations for three illustrative cases and the occurrence of the charge inversion is discussed. Second, the effect of the surface charge density is analyzed. Then, the effect of the salt concentrations in the mixture is also studied by using both numerical techniques. Finally, the importance of the ion size is probed.
(a) Ionic Profiles. In Figures 1-3 the local ion concentrations, F i , normalized by the concentration at the bulk solution, F i0 , are shown as a function of the distance from the surface (z) under three different conditions, respectively. Let us start with a case in which charge inversion is not expected to take place, that is, small surface charge density and low ionic concentrations. Such a situation is presented in Figure 1 where the ionic profiles are plotted for a planar EDL with σ 0 ) -0.04 C/m 2 , C 3:1 ) 10 mM, and C 1:1 ) 50 mM. As can be seen, all the ionic profiles are monotonic and a good agreement between theory and simulations is observed. More specifically, these functions are increasing for co-ions and decreasing for trivalent and monovalent counterions. This monotonic behavior is characteristic of systems in which the classical theory of EDL can reproduce the results properly and thus more sophisticated models are not required, a priori, to describe the systems. However, what happens when the surface charge and electrolyte concentrations increase? This situation is examined in Figure 2 where the ionic distributions are shown for σ 0 ) -0.16 C/m 2 , C 3:1 ) 100 mM, and C 1:1 ) 100 mM. These curves strongly contrast with the previous ones since they are not monotonic any longer. This feature cannot be explained in terms of the classical GC theory, which always predicts monotonic profiles. In Figure 2 , the counterion distribution curves obtained from the HNC/MSA and simulations exhibit a minimum near the surface whereas the co-ion distribution presents a maximum at the same location. From this position, the co-ion concentration decreases and the counterion concentrations increase, just if the surface charge had the opposite sign and their respective roles were inverted. This behavior suggests the existence of charge inversion. Although both theory and simulations are able to capture the oscillations, these are more pronounced for the HNC/ MSA case. It means that IE theory overestimates the hallmarks of charge inversion under these conditions. Indeed, differences between the ion distribution functions predicted by the HNC/ MSA and the simulations for only one type of electrolyte (3:1) have been reported in a previous paper. 15 Finally, Figure 3 illustrates a crossover situation between the preceding ones for σ 0 ) -0.115 C/m 2 , C 3:1 ) 10 mM, and C 1:1 ) 100 mM. The ionic distribution functions are not monotonic but the oscillating behavior has not become very pronounced yet.
(b) Surface Charge Effect. To study the surface charge effect in the occurrence of charge inversion, the diffuse potential has been calculated as a function of σ 0 for several conditions. The diffuse potential is a key property in colloid science. In particular, it is intimately related to the -potential, an essential quantity to characterize and analyze electrokinetic phenomena. To begin with, we examine in Figure 4 the appearance of diffuse potential reversals with increasing the magnitude of σ 0 for two 3:1 electrolyte concentrations (10 and 100 mM) and three monovalent salt concentrations (0, 50, and 100 mM). In general, the agreement between MC simulations and the HNCMSA results is significant. According to both treatments, the presence of trivalent counterions has a clear influence on ψ d . With increasing C 3:1 from 10 to 100 mM the ψ d -σ 0 plots shift toward the region of reversals noticeably. Simultaneously, the inversion surface charge density, that is, the σ 0 value at which the reversal appears, decreases considerably. In contrast, the effect of the monovalent salt is not so marked. In the case of C 3:1 ) 10, the effect of the 1:1 electrolyte in the potential is different depending on the surface charge value. More specifically, an increase of C 1:1 for σ 0 < 0.06 C m -2 implies a slight reduction in the absolute value of the diffuse potential. On the contrary, the curves shift toward more negative values for σ 0 > 0.06 C m -2 . Here, an increase of the monovalent salt reduces the potential inversion. Concerning the results for C 3:1 ) 100 mM, the effect of the monovalent salt is almost negligible. In particular, the simulations data are practically the same for the three cases, whereas slight differences can be found in the HNCMSA curves. At any rate, the effect of each ionic species in the mixture is specifically studied in the following section.
(c) Effect of Multi-and Monovalent Ions. In Figure 5 , the diffuse potential is plotted vs the concentration of asymmetric (3:1) electrolyte for C 1:1 ) 0, 50, and 100 mM. As can be seen, the theoretical results reproduce the simulation data, at least qualitatively. For instance, a potential reversal due to trivalent counterions is reached for values of C 3:1 between 20 and 40 mM. Both techniques agree in the fact that these reversal concentrations tend to shift slightly toward larger values as C 1:1 increases. This feature has also been reported in previous electrokinetic experiments. 25 Likewise, for negative diffuse potentials, theory and simulations similarly show that a rise in the monovalent salt concentration involves an increase in magnitude of ψ d . Although this behavior is not intuitive from a classical point of view, different authors have experimentally observed it. 25, 30 Once the sign of the potential is inverted, some discrepancies appear between the HNC/MSA and the MC simulation. The later points toward the existence of a saturation value for ψ d whereas the former predicts an increase in the magnitude of the inverted potential, at least for the range of multivalent salt concentrations employed in this work. The existence of a saturation value in the diffuse potential can be inferred from the electrophoretic mobility experiments for a sulfonate latex performed by Martín-Molina et al. 25 Furthermore, if one admits that the well-known Helmholtz-Smoluchowski approximation is valid in this case (high values for κa 0 , where κ is the Debye screening parameter and a 0 the macroparticle radius), ψ d can be readily converted into µ e . As a result, the saturation value of electrophoretic mobility so obtained turns out to be about 0.4 × 10 -8 m 2 /(V‚s), practically equal to that found experimentally for the sulfonate latex. 25 In addition, slight differences can be also found in the effect of the monovalent salt at the saturation regime. Here, the HNCMSA predicts a decrease of ψ d with C 1:1 whereas such an effect is not observed by the simulation curves, which tend to converge to similar values as the presence of trivalent ions becomes more noticeable. As a consequence, a failure of the approximations of the IE formalism is likely to be happening under these conditions.
To deepen into the role of monovalent ions in the electrolyte mixture at low and high multivalent salt concentrations, we have analyzed the effect of C 1:1 on the distribution profiles of trivalent ions for short distances (close to the charged surface) and σ 0 ) -0.115 C/m 2 . Accordingly, Figure 6 deals with the case of noninversion (C 3:1 ) 10mM) by means of IE equations a MC simulations. As can be observed in both cases, the monovalent counterions tend to displace the trivalent ones as C 1:1 becomes larger. The case of high concentrations of the trivalent salt, C 3:1 ) 100 mM, is studied in Figure 7 . Unlike the preceding case, the addition of monovalent salt does not seem to have an important influence on the trivalent ion distribution. This is rather reasonable since the number of trivalent ions is comparable to that of monovalent ions.
Apart from that, a minimum in the distribution curves at distances around 1.5d is manifest according to the theory and simulations. However, some differences between both approaches are found. In particular, the IE formalism predicts a larger magnitude of the minimum. Since the minimum appears as a consequence of the high counterion concentrations in the immediate vicinity of the charged surface, these differences point out that the HNC/MSA is probably overestimating the accumulation of counterions in the neighborhood of the charged surface. 15 (d) Effect of Ion Size. With the aim of probing the effects of the ionic excluded volume as the driving force of overcharging in the system studied here, we have explored ion sizes smaller than those employed to obtain Figure 5 . In particular, we simulated ψ d -C 3:1 curves by using a diameter of 0.4 nm for all ionic species. As we mentioned before, this value is quite similar to that used in most previous studies of EDLs. The results are shown in Figure 8 . As can be seen, the shift of the curves toward the no-inversion regime upon addition of 1:1 electrolyte is also observed. However, the most outstanding feature of this figure is that the inversion has disappeared, which clearly proves that the value of the ionic diameters is not a trivial matter. In this manner, the hydrated ion sizes extracted from the scientific literature appear to be an adequate choice. Moreover, the disappearance of overcharging in reducing the ion size has also been reported by other authors. 31 Likewise, although the HNC/ MSA data confirm the disappearance of the inversion, quantitative differences can be observed in relation to the simulations. Furthermore, the effect of the monovalent salt appears irrelevant. To explain this feature, the distribution functions for σ 0 ) -0.115 C/m 2 , C 3:1 ) 30 mM, C 1:1 ) 50 mM, and d ) 0.40 nm are plotted in Figure 9 . As can be observed, the simulations predict a maximum in the co-ion distribution curve, which is not predicted by the HNC/MSA. This accumulation of the coions near the charged surface could appear as a consequence of the electrostatic attraction between multivalent counterions and co-ions (stronger for smaller ions). In this way, the multivalent counterions moving toward the surface would drag an important quantity of co-ions with them. Probably, this effect is not predicted by the IE theory whose validity is reduced as the ion size becomes smaller.
V. Conclusions
In general, the results indicate that the charge inversion of EDLs with electrolyte mixtures can be described fairly well by using IE theories and MC simulations. However, some discrepancies have been observed. An overestimation of charge reversal effects is probably responsible for the numerical differences. Despite this quantitative disagreement, it has been proved that ion size correlations play a fundamental role in charge inversion, in agreement to other works that apply different techniques and/ or theoretical approaches. 9, 13, 15, 25, [31] [32] [33] [34] Indeed, it has been proved that the charge inversion depends on the ionic size chosen in the calculations. Moreover, the use of the traditional ion sizes (0.4 nm) instead of the realistic ones involves the disappearance of the charge inversion in colloidal systems under real conditions. Apart from that, such reduction in the ion size gives rise to quantitative differences between IE theories and simulations. Nevertheless, it must be taken into account that the primitive model used here is too rudimentary to rationalize the behavior of all real colloids. For instance, the only interaction considered between small ions and the particle surface is given by eq 5. Therefore, more complex interactions between the charged surface and the ions (for instance, those depending on their chemical nature) are required for a complete description of phenomena such as charge inversion. In fact, mobility reversals in the presence of extremely low concentrations of 3:1 elec- trolytes (of about 10 -5 M) have been observed for carboxylic latexes, 35 liposomes, 36 retroviruses, 37 and unicellular algae. 38 In all these cases, the hypothesis of a specific adsorption of ions on the surface due to interactions not considered in this work could be reasonable, since simulations and integral equation theories predict much larger inversion concentrations. At any rate, the inclusion of the ion size correlations is found to always entail an improvement in the description of the EDL, in relation to those models that neglect the ionic size.
